We study exotic patterns appearing in a network of coupled Chen oscillators. Namely, we consider a network of two rings coupled through a "buffer" cell, with Z 3 × Z 5 symmetry group. Numerical simulations of the network reveal steady states, rotating waves in one ring and quasiperiodic behavior in the other, and chaotic states in the two rings, to name a few. The different patterns seem to arise through a sequence of Hopf bifurcations, period-doubling, and halving-period bifurcations. The network architecture seems to explain certain observed features, such as equilibria and the rotating waves, whereas the properties of the chaotic oscillator may explain others, such as the quasiperiodic and chaotic states. We use XPPAUT and MATLAB to compute numerically the relevant states.
Introduction
In the last decade, a new theory concerning networks of coupled cells systems has been developed, mainly by Stewart et al. [32] and Golubitsky et al. [18] . Synchronized dynamical behavior and corresponding bifurcations have been particularly focused.
Coupled cell networks are known to exhibit rich patterns, like synchrony, phase-relations, quasiperiodic motion, synchronized chaos, among others [5, 6, 15, 23, 27] . The graphs architecture seems to have a great importance in the understanding of these phenomena; nevertheless, it seems to not be able to fully explain them.
Networks of coupled cells may arise as models of animal and robot locomotion, speciation, visual perception, electric power grids, internet communication, secure communication [7] [8] [9] [10] [11] 20, 21, 24, 26, 28, 30, 31] , and many others.
General coupled cell networks may be divided into two groups, namely coupled cells systems that possess some degree of symmetry and coupled cells systems with no symmetry. In the first group, one can find the networks with exact symmetry group.
In this paper, we study interesting dynamical features occurring in a coupled system of two unidirectional rings, coupled through a "buffer" cell, with Z 3 × Z 5 exact symmetry. In Sect. 2,weprovide a review of the coupled cells networks formalism and bifurcation theory. In Sect. 3,wesimulate the coupled cells systems associated to the network of two coupled rings of cells in Fig. 1 and discuss the results. In Sect. 4, we conclude this work and shed some light on future research directions. 
Coupled cells and symmetry
Networks of coupled cells are usually represented schematically by a directed graph. The graphs' nodes correspond to individual cells and the edges to the couplings between them. A "cell" means a nonlinear dynamical system of ordinary differential equations. Mathematically, a coupled cells system consists of a finite set of nodes (or cells) C, and a finite set of edges E. It is defined an equivalence relation on cells in C, where the equivalence class of c is the type of cell c, and an input set of cells I(c), which consists of cells whose edges have cell c as head. Moreover, it is defined an equivalence relation on the edges (or arrows), where the equivalence class of e is the type of edge e, and it satisfies the condition that "equivalent edges have equivalent tails and edges." The last condition means that equivalent edges must have tails and edges of the same equivalence class.
For each cell, c is defined an internal phase space P c . The total phase space of the network is the product P = n A symmetry of a coupled cells system is the group of permutations of the cells (and arrows) that preserve the network structure (including cell types and arrow types), and its action on P is by permutation of cell coordinates. It is thus a transformation of the phase space that sends solutions to solutions. The network in Fig. 1 is an example of a network with Z 3 × Z 5 symmetry. This means that we can permute all cells in each ring.
Bifurcations
The study of the local bifurcations in symmetric (equivariant) coupled cells systems is done in [17, 19] . The existence of certain branches of symmetrybreaking steady states is proven by a local bifurcation theorem, the Equivariant Branching Lemma [19] . The Equivariant Hopf Theorem guarantees the existence of families of small-amplitude periodic solutions bifurcating from the origin [19] . Another way of obtaining periodic solutions in an equivariant system is the H mod K theorem [9, 17] . For a finite symmetry group Γ , this theorem gives necessary and sufficient conditions for the existence of a equivariant system of ODEs and a periodic solution x(t) to that system with specified spatiotemporal symmetries.
Let Γ be a finite group of symmetries of the following systems of ODEs:
Let x(t) be a periodic solution of system 1, with period normalized to 1, and let γ ∈ Γ . By symmetry, we know that γ x(t) is also a solution to (1). We consider two cases, either both solutions intersect (thus, are identical) or the two trajectories do not intersect.
Consider that both solutions are identical, and then by uniqueness of solutions, there is θ ∈ S 1 such that
and we say that x(t) has spatiotemporal symmetry γ ∈ Γ, where θ is the temporal phase shift that corresponds to γ . If θ = 0, then γ is a spatial symmetry.
Define K to be the subgroup of all spatial symmetries and H to be the subgroup of all spatiotemporal symmetries. Mathematically, we have
i=1 P c . The coordinates on P c are denoted by x c , and the coordinates on P are thus (x 1 , x 2 ,..., x n ). At time t, the system is at state (
A vector field f on P that is compatible with the network architecture is said to be admissible for that network, and satisfies two conditions: (1) the domain and (2) the pull-back condition. The domain condition imposes that each component f i corresponding to cell c i must be a function of the cells in the input set of cell c i , I(c i ). The pull-back condition states that the components f i and f j of cells c i and c j are identical, up to a suitable permutation of the relevant variables, if the two cells have isomorphic input cells [16] .
Filipski and Golubitsky [14] enumerate the symmetries of periodic solutions obtained from Hopf bifurcation in coupled cell systems with finite abelian symmetries. Moreover, they classify the spatiotemporal periodic solutions of coupled systems with Z l ×Z k symmetry, which are obtainable by a generic Hopf bifurcation, and show that there are families of spatiotemporal periodic solutions that cannot be obtained by this type of bifurcation.
We can list all spatiotemporal periodic states that are expected to occur when the coupled cell systems associated to the network of Fig. 1 undergoes a symmetrybreaking Hopf bifurcation (primary Hopf bifurcation). There are two types of solutions: one withZ 3 × Z 5 symmetry and another with Z 3 ×Z 5 . These solutions corresponding to these subgroups are also called rotating waves.
The form of these periodic solutions is described as follows. The periodic solution of typeZ 3 × Z 5 is such that its components corresponding to the cells in the 3-ring are periodic and have the same wave form, but they are 1/3 out of phase and the components corresponding to the cells in the 5-ring stay in equilibrium. Similarly, the periodic solution of type Z 3 ×Z 5 is such that its components corresponding to the cells in the 5-ring are periodic and have the same wave form, but they are 1/5 out of phase, and the components corresponding to the cells in the 3-ring stay in equilibrium.
Numerical simulations
The coupled cells system, associated with the network depicted in Fig. 1 , is simulated. We use XPPAUT [13] and MATLAB [34] to compute numerically the relevant states. We consider the Chen oscillator as the phase space for each cell of the two rings and an unidimensional phase space for the "buffer cell." The total phase space is thus twenty-fifth dimensional. The dynamics of a singular ring cell is given by [12, 25] 
where a, b, and c are real parameters. The unidimensional dynamics of the "buffer cell" is given by [3, 15] 
where μ = −1.0 is a real parameter.
The coupled cells system of equations associated to the network in Fig. 1 is given bẏ (5) where g(u) represents the dynamics of each Chen oscillator a = 35, b = 3, k = −5.0, d = 0.2, and the indexing assumes x 4 ≡ x 1 and y 6 ≡ y 1 . We assume that the coupling between all cells is linear and is done only in the first variable of each Chen oscillator.
We vary parameter c ∈ [15, 28] , going from lower to higher values, and start from a steady state of the whole system.
In Fig. 2 , we plot (top) the time series solution of the coupled cell system (5), and (bottom) we represent the phase plane of oscillator y 1 of the 5-ring. The solution is a rotating wave state in the 5-ring, obtained by a Hopf bifurcation (HB1), from the trivial equilibrium branch. Cells in the 3-ring are at equilibrium. These solutions can be explained using the Equivariant Hopf Theorem for coupled cell systems in the symmetric case [19] . The bifurcation has occured in the 5-ring.
We increase c again, and another Hopf bifurcation occurs (HB2). In Fig. 3 , we plot (top) the time series solution of the coupled cell system (5), and (center) we show the phase planes for the oscillator x 1 of the 3-ring (center, left) and for the oscillator y 1 of the 5-ring (center, right). The solution is a Z 3 rotating wave in the 3-ring and a Z 5 rotating wave in the other ring. The full solution is quasiperiodic (Fig. 3, bottom) . Figure 4 shows the time series further away from the tertiary Hopf bifurcation (HB3) in the coupled cell system (5) . Unlike the previous cases (Figs. 2, 3) , the amplitude of the solution is higher and the wave form is qualitatively different, displaying typical relaxation oscillatory features. Relaxation oscillations are solutions characterized by long periods of quasi-static behavior interspersed with short periods of rapid transition. These solutions are studied in the context of the canard phenomenon [22, 33] in fast-slow systems.
After the third Hopf bifurcation point, a sequence of four Hopf bifurcations (HB4, HB5, HB6, and HB7) is observed for increasing values of c. As we move further and further away from (HB3), the qualitative behavior of the cells in the two rings becomes more complex, in the sense that becomes quasiperiodic and, after some value, turns chaotic (see Figs. 5, 6, 7, 8) . This phenomenon suggests a period-doubling bifurcation phenom- 
Discussion
Here, we describe the qualitative features of the bifurcation scenario represented in Fig. 11 . This is a schematic bifurcation diagram of a sequence of seven Hopf bifurcations, where the first branch emanates from a trivial branch of steady states.
The solutions corresponding to the primary branch, which emanates from the trivial branch, at the first Hopf bifurcation point (HB1), represented in Fig. 11 , Further away of the Hopf bifurcation point (HB7) and continuing increasing c, the qualitative behavior of the cells in the rings changes again. It seems as if the chaotic state is replaced by a quasiperiodic state. One may say that the chaotic "severity" is decreased (see Figs. 6, 7, 8, 9, 10) . We believe that a sequence of halving-period bifurcations takes place, decreasing the period of the orbits, and after some value of c,we obtain again nice rotating waves in the two rings.
Thus, from the numerical results, we conclude that there is a richness of dynamic features produced by the network of two rings coupled through a "buffer" cell, with Z 3 ×Z 5 symmetry (Fig. 1) . There are states where the cells in the first ring are at equilibrium and cells in can be explained using the Equivariant Hopf Theorem, for coupled cell systems in the symmetric case.
Since the symmetry group of the network in Fig. 1 is Z 3 × Z 5 ; then, after the first Hopf bifurcation, we may obtain solutions withZ 3 × Z 5 symmetry or with The secondary branch represented in Fig. 11 is provided by a secondary Hopf bifurcation along the primary branch at the second Hopf bifurcation point (HB2). In the situation where the primary Hopf bifurcation has occurred in the ring 3-ring, we expect that the secondary Hopf bifurcation "occurs" in the remaining ring (the one that displayed equilibrium after the first Hopf bifurcation). On the contrary, if the primary Hopf bifurcation has occured in the 5-ring, the secondary Hopf bifurcation is expected in the 3-ring. The symmetry type of the full solution is Z 3 × Z 5 and is quasiperiodic.
The tertiary branch represented in Fig. 11 is provided by a tertiary Hopf bifurcation along the secondary branch at the third Hopf bifurcation point (HB3). In this parameter region, the solution is quasiperiodic with the same symmetry type as in the secondary branch. However, further away along this branch, there is a transition to relaxation oscillation phenomena [22, 33] .
After the third Hopf bifurcation point, four more Hopf bifurcations take place. We observe that the period and the amplitude of the orbits increases and after the last Hopf point (HB7), the coupled system turns chaotic. It seems like period-doubling bifurcations have taken place, as the parameter c increases.
Moreover, increasing a bit more the parameter c, a sequence of halving-period bifurcations seems to take place, and beautiful rotating waves are observed. More work is needed in order to analyze systematically the parameter region, after the seventh Hopf point, and corresponding bifurcations.
Some final comments:
(1) The dynamical behavior of system 5 is much more complex than the one found in [2] [3] [4] 29] , for the same network of two coupled rings with Z 3 × Z 5 symmetry, but with simpler internal dynamics for each cell. Thus, the presence of symmetry constrains the dynamical behavior of the cells in each of the rings, but the resonance of the solutions seems to be strongly dependant of the choice of the vector field. (2) The appearance of relaxation oscillations, after a sequence of Hopf bifurcations, seems to be explained by the network structure. This structure imposes a symmetry group that is a direct product of two symmetry groups, in this case Z 3 × Z 5 , each of which is a symmetry group of a distinguished sub-network. It is intriguing to observe this type of behavior in these coupled systems since they are not a priori multiple time scales systems, where these solutions frequently occur [22, 33] . Can these relaxation oscillation phenomena be explained in the context of fast-slow systems through a canard explosion? (3) The relaxation oscillations in the present study do not produce the curious phenomena, namely the behavior shown in Figs. 9 and 10 of [2] , presented first in [15] and studied further in [3] , for the Z 3 × Z 5 symmetric case. Again, this may depend on the choice of the vector field. (4) The parameter region to the right of the seventh Hopf bifurcation point produces a huge variety of dynamical phenomena. We believe that closer to (HB7), period-doubling bifurcations take place, and further away halving-period bifurcations appear to "occur." This all happens in a small parameter region. This type of behavior is explained by the properties of the vector field, the Chen oscillator, chosen to model each cell of the two rings.
In Table 1 , we summarize the information, computed by XPPAUT, related to the schematic (partial) bifurcation diagram in Fig. 11 , and describe the dynamical behavior of the coupled cell systems at the different bifurcating branches.
Conclusions
In this paper, we study the dynamical behavior of a network consisting of two rings of chaotic Chen oscillators, which admit Z 3 × Z 5 exact symmetry group. We find interesting patterns, some of them explained by local bifurcation theorems and some by the properties of the vector field, the Chen chaotic attractor. Interesting features like relaxation oscillation, quasiperiod motion, and chaotic states are observed. We compute a partial bifurcation diagram and the corresponding dynamical states in each bifurcating branch. The bifurcation scenario is similar to the one suggested in [15] and [2, 3] , for the first three Hopf points, and then it is extended to the region where chaos is observed. Period-doubling and halving-period bifurcations seem to take place, providing exciting dynamical features. More work is needed in the future to explain throughly these exotic patterns.
